
Chapter 3

Set Theory

What is Set Theory and why do we care? Set Theory is—as we would
expect—the theory of sets. It’s an explicit way of talking about elements,
their membership in groups, and the operations and relationships that can
apply between elements and groups.

Set Theory is important to language study for several reasons. First, it
is even more foundational than all the other topics we cover subsequently.
That is, many of the other topics we will treat are grounded in set-theoretic
terms.

A second reason set theory is important to know about is that there
are language issues that can be treated directly in terms of set theory, e.g.
features, issues of semantic entailment, and constraint logic.

3.1 Sets

A set is an abstract collection or grouping of elements. Those elements can
be anything, e.g. words, sounds, sentences, affixes, etc. In the following, we
will represent the names of sets in all capital letters: A, B, C, etc.

Sets can be defined in several different ways. The simplest is to simply
list the members of the set. For example, we might define the set A as
being composed of the elements x, y, and z. This can be expressed in the
traditional notation as:

(3.1) A = {x, y, z}
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The ordering of elements in the curly braces is irrelevant; a set is defined
by what elements it contains, not by any ordering or priority among those
elements. Thus the following are equivalent to the preceding.

(3.2) A = {x, z, y}

A = {y, x, z}

A = {y, z, x}

A = {z, x, y}

A = {z, y, x}

Notice too that it makes no sense to repeat an element. Thus the set A =
{a, b, c} is the same as A = {a, b, c, b}.

As above, the elements of a set can be anything. For example:

(3.3) A = {æ, N, n}

B = {French, O’odham, Abkhaz, Spanish}

C = {N, 78, The Amazon}

Sets can also be defined by the properties their elements bear. For exam-
ple, the set of nasal consonants in English is defined as the set of consonants
in which air flows out the nose: [m], [n], and [N] in tam [tæm], tan [tæn], and
tang [tæN], respectively. The set can be defined by listing the elements:

(3.4) A = {m, n, N}

or by specifying that the elements of the set are those elements that bear the
relevant properties:

(3.5) A = {x | x is a nasal consonant of English}

This expression is read as: A is composed of any x, where x is a nasal
consonant of English.

Similar sets can be defined in morphology. We can define the set com-
posed of the singular members of the present tense indicative mood of the
Spanish verb cantar to ‘sing’ in the same two ways:
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(3.6) A = {canto, cantas, canta}

(3.7) A = {x | x is a singular form of the present tense of cantar.}

Be careful though. Defining a set in terms of the properties of its elements
takes us onto dangerous ground. We want to be as explicit as possible in
specifying what can qualify as a property that can be used to pick out the
elements of a set.

The third way to define sets is by recursive rules. For example, the set of
positive integers (1, 2, 3, . . .) can be defined as follows:

1. 1 is a positive integer.

2. If n is a positive integer, then so is n + 1.

3. Nothing else is a positive integer.

This method of defining a set has several interesting properties. First, notice
that the set thus defined is infinite in size. It has an unbounded number
of elements. Second, a recursive definition typically has three parts, just
as this one does. First, there is a base case, establishing the membership
of at least one element. Second, there is the recursive case, establishing
that additional members bear a relation to elements we already know are
members. Finally, there is a bounding clause, limiting membership to the
elements accommodated by the other two clauses.

This may seem excessively “mathematical”, but the same method must
be used to define “possible word” and—in a more sophisticated form—must
be used to define “possible sentence”. For example, to get a sense of this,
how would you define the set of all possible strings using the letters/sounds
[a] and [b]? (Assume that any sequence of these is legal.)

Finally, we define the size of some set A as |A|. If, for example, A =
{x, y, z}, then |A| = 3.
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3.2 Membership

If an element x is a member of the set A, we write x ∈ A; if it is not, we
write x 6∈ A. The membership relation is one between a potential element of
a set and some set.

We have a similar relation between sets: subset.

Definition 1 (Subset) Set A is a subset of set B if every member of A is

also a member of B.

Notice that subset is defined in terms of membership. For example, given
the set A = {y, x} and the set B = {x, y, z}, the former is a subset of the
latter—A ⊆ B—because all members of the former—x and y—are members
of the latter. If set A is not a subset of set B, we write A 6⊆ B. Notice that
it follows that any set A is a subset of itself, i.e. A ⊆ A.

There is also a notion of proper subset.

Definition 2 (Proper Subset) Some set A is a proper subset of some set

B if all elements of A are elements of B, but not all elements of B are

elements of A.

In this case, we write A ⊂ B. If A is not a proper subset of B, we write
A 6⊂ B.

The difference between the notions of subset and proper subset is the
possibility of identity. Sets are identical when they have the same members.

Definition 3 (Set extensionality) Two sets are identical if and only if

they have the same members.

To say that some set A is a subset of some set B says that either A is a
proper subset of B or A is identical to B. When two sets are identical, we
write A = B. It then follows that if A ⊆ B and B ⊆ A, that A = B.

Note that ⊂ and ∈ are different. For example, {a} is a subset of {a, b}, but
not a member of it, e.g. {a} ⊆ {a, b}, but {a} 6∈ {a, b}. On the other hand,
{a} is a member of {{a}, b, c}, but not a subset of it, e.g. {a} ∈ {{a}, b, c},
but {a} 6⊆ {{a}, b, c}.

We also have the empty set ∅, the set that has no members. It follows

that the empty set is a subset of all other sets. Finally, we have the power
set of A: 2A or ℘(A): all possible subsets of A. The designation 2A reflects
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the fact that a set with n elements has 2n possible subsets. For example, the
set {x, y, z} has 23 = 8 possible subsets.1

(3.8) {x, y, z} {x, y} {x} ∅

{x, z} {y}

{y, z} {z}

3.3 Operations

There are various operations that can be applied to sets. The union operation
combines all elements of two sets. For example, the union of A = {x, y} and
B = {y, z} is A∪B = {x, y, z}. Notice how—as we should expect—elements
that occur in both sets only occur once in the new set. One way to think of
union is as disjunction. If A ∪ B = C, then an element that occurs in either
A or B (or both) will occur in C.

The other principal operation over sets is intersection, which can be
thought of as conjunction. For example, the intersection of A = {x, y} and
B = {y, z} is A ∩ B = {y}. That is, if an element is a member of both A

and B, then it is a member of their intersection.
We have already defined the empty set ∅: the set that contains no el-

ements. We can also define the universal set U : the set that contains all
elements of the universe. Similarly, we can define difference and comple-
ment. Thus A′, the complement of A, is defined as all elements that are not
in A. That is, all elements that are in U , but not in A. For example, if
A = {x, y} and U = {x, y, z}, then A′ = {z}.

Set complement and intersection can be used to define difference. The
difference of two sets A and B is defined as all elements of A minus any
elements of B, i.e. A − B. This can also be expressed as the intersection of
A with the complement of B, i.e. A ∩ B′. Likewise, the complement of A,
A′, can be defined as U − A. Notice that not all elements of B need to be
in A for us to calculate A − B. For example, if A = {x, y} and B = {y, z},
then A − B = {x}.

1Recall that 23 = 2 × 2 × 2 = 8.
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3.4 Fundamental Set-theoretic Equalities

There are a number of beautiful and elegant properties that hold of sets,
given the operations that we’ve discussed. We go through a few of these in
this section.

Idempotency has it that when a set is unioned or intersected with itself,
nothing happens.

(3.9) Idempotency

X ∪ X = X

X ∩ X = X

Commutativity expresses that the order of arguments is irrelevant for union
and intersection.

(3.10) Commutativity

X ∪ Y = Y ∪ X

X ∩ Y = Y ∩ X

Associativity holds that the order with which sets are successively unioned
or successively intersected is irrelevant.

(3.11) Associativity

(X ∪ Y ) ∪ Z = X ∪ (Y ∪ Z)

(X ∩ Y ) ∩ Z = X ∩ (Y ∩ Z)

Distributivity governs the interaction between union and intersection.

(3.12) Distributivity

X ∪ (Y ∩ Z) = (X ∪ Y ) ∩ (X ∪ Z)

X ∩ (Y ∪ Z) = (X ∩ Y ) ∪ (X ∩ Z)

Identity governs how the universal set U and the empty set ∅ can be inter-
sected or unioned with other sets.
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(3.13) Identity

X ∪ ∅ = X

X ∪ U = U

X ∩ ∅ = ∅

X ∩ U = X

The Complement Laws govern complements and differences.

(3.14) Complement Laws

X ∪ X ′ = U

(X ′)′) = X

X ∩ X ′ = ∅

X − Y = X ∩ Y ′

Finally, DeMorgan’s Law shows how complement allows us to define inter-
section and union in terms of each other.

(3.15) DeMorgan’s Law

(X ∪ Y )′ = X ′ ∩ Y ′

(X ∩ Y )′ = X ′ ∪ Y ′

When we get to the Laws of Statement Logic in Section 4.6, we will see
a lot of similarity with these.

3.5 Theorems

Let’s try to understand and prove some things in set theory.2 Here are a few
theorems of set theory.

1. If A ⊆ B then A ∪ C ⊆ B ∪ C

2. If A ⊆ B then A ∩ C ⊆ B ∩ C

2We will consider proof and proof strategies in more detail in chapters 4 and 5.
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3. If A ⊆ B then C − B ⊆ C − A

4. A ∩ (B − A) = ∅

5. ((A ∪ C) ∩ (B ∪ C ′)) ⊆ (A ∪ B)

Let’s consider how we might prove the first one. We can do this informally
at this stage using what we will call Indirect Proof in section 4.7.3.

First, let’s make sure we understand the theorem by stating it in words.
If the set A is a subset of the set B, then the union of A with any set C is
a subset of the union of B with the same set C. A more informal rewording
might make this more intuitive. If A is a subset of B, then if you add some
elements to A and add the same elements to B, then A is still a subset of B.

Let’s look at an example. Let’s define A = {a, b}, and B = {a, b, c}. The
first set is certainly a subset of the second, A ⊆ B, as every member of A is
also a member of B.

Let’s now union A and B with some other set C = {g, h}. We now have
that A∪C = {a, b, g, h} and B ∪C = {a, b, c, g, h}. The union operation has
add the same elements to both sets, so the first unioned set is still a subset
of the second unioned set: A ∪ C ⊆ B ∪ C.

We will make use of a proof technique called Indirect Proof, or Proof by

Contradiction. The basic idea is that if you want to prove some statement
S, you show instead that if S were not true, a contradiction would result.
This sounds quite formal, but we use this technique all the time. Imagine
that S is some political candidate you are committed to and you are arguing
to a friend that they should vote for S too. You might very well try to
make the case by making dire predictions about what would happen if S is
not elected, or by enumerating the shortcomings of the candidates that S is
running against. These are both instances of essentially the same technique.

In the case at hand, we will attempt to prove a contradiction from these
two statements: A ⊆ B and A∪C 6⊆ B ∪C. If the latter is true, then there
must be at least one element, call it x, that is a member of A∪C, but is not
a member of B ∪ C. If it is a member of A ∪ C, then by the definition of
union, it must be a member of A or C or both. If it is a member of A, then
it must be a member of B ∪ C because all members of A are members of
B and all members of B are, by the definition of union, members of B ∪ C.
Thus x cannot be a member of A. It must then be a member of C. However,
if it is a member of C, then it must be a member of B ∪ C, because, by the
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definition of union, all members of C are members of B∪C. Hence x cannot
be a member of C.

It now follows that there can be no element x. This must be the case
because x would have to be a member of A or C or and neither is possible.
Hence, we have a contradiction and it cannot be the case that A ⊆ B and
A ∪ C 6⊆ B ∪ C.3 2

We leave the remaining theorems as exercises.

3.6 Ordered Pairs, Relations, and Functions

Sets have no order, but we can define groups with an ordering, e.g. an ordered

pair. For example, if we want to say that x and y are in an ordered pair,
we write 〈x, y〉. We’ve already seen that, for example, {x, y} = {y, x}, but
〈x, y〉 6= 〈y, x〉. Ordered groups with more elements are defined in the obvious
way, e.g. 〈x, y, z, w〉, etc. Notice that, while {x, x} makes no sense, 〈x, x〉
does.

Ordered pairs may seem like something that should be “outside” set the-
ory, but they can be defined in set-theoretic terms as follows. An ordered
pair 〈x, y〉 is defined as the set composed of the set of its first member plus
the set composed of both members: {{x}, {x, y}}. Larger ordered groups
can be defined recursively. Thus 〈x, y, z〉 is defined as 〈〈x, y〉, z〉.

A relation R pairs elements of one set A with elements of the same set A

or a different set B. If the relation R pairs element a to element b, then we
write aRb or, for legibility, R(a, b). For example, we might define a relation
between active sentences and passive sentences, or one that relates oral vowels
to nasal ones, e.g. aRã.

We can define a relation as a set of ordered pairs. If, for example, aRb and
cRd, then we can represent these as 〈a, b〉 ∈ R and 〈c, d〉 ∈ R. If these are
all the pairs that R gives us, then we can represent R as R = {〈a, b〉, 〈c, d〉}.

We can also have n-place relations, where two or more elements are paired
with another element. These are of course ordered triples: 〈a, b, c〉, and the
whole relation is the set of these triples.

The domain of a two-place relation is defined as the first member of the
ordered pair and the range is defined as the second member of the pair.

Let’s adopt some additional notation. If some relation R pairs every
element of some set A with every element of the same set, then we write

3All proofs in the text will be marked with a subsequent box.
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R = A × A. Thus, if R = A × A and A = {x, y, z}, then R = {〈x, x〉,
〈x, y〉, 〈x, z〉, 〈y, x〉, 〈y, y〉, 〈y, z〉, 〈z, x〉, 〈z, y〉, 〈z, z〉}. We can see that
|R| = |A| × |A| = 3 × 3 = 9.

Since relations can pair elements of different sets, the size of the relation
varies accordingly. For example, if R = A × B and A = {x, y, z} and B =
{a, b}, then R = {〈x, a〉, 〈x, b〉, 〈y, a〉, 〈y, b〉, 〈z, a〉, 〈z, b〉}. In this case,
|R| = |A| × |B| = 2 × 3 = 6.

The complement R′ of a relation R is defined as every pairing over the
sets that is not included in R. Thus if R ⊆ A×B, then R′ =def (A×B)−R.
For example, if R relates A = {x, y, z} and B = {a, b} (that is R ⊆ A × B),
and R = {〈x, a〉, 〈x, b〉, 〈y, a〉, 〈y, b〉}, then R′ = {〈z, a〉, 〈z, b〉}.

The inverse R−1 of a relation R reverses the domain and range of R.
Thus, if R ⊆ A × B, then R−1 ⊆ B × A. For example, if R = {〈x, a〉, 〈x, b〉,
〈y, a〉, 〈y, b〉}, then R−1 = {〈a, x〉, 〈b, x〉, 〈a, y〉, 〈b, y〉}.

A function is a special kind of relation where every element of the domain
is paired with just one element of the range. For example, if the function
F pairs a with b, we write F (a) = b. If the domain of F is A = {x, y} and
the range is B = {a, b}, then F ⊆ A × B. It follows from the definition of a
function, that F can only be one of the following:

(3.16) a. F = {〈x, a〉, 〈y, a〉}

b. F = {〈x, b〉, 〈y, b〉}

c. F = {〈x, a〉, 〈y, b〉}

d. F = {〈x, b〉, 〈y, a〉}

There is no other function from A to B.
Finally, relations exhibit a variety of properties that are quite useful.

Reflexivity A relation R is reflexive if and only if, for every element x in
R, 〈x, x〉 ∈ R.

Symmetry A relation R is symmetric when 〈x, y〉 ∈ R if and only if 〈y, x〉 ∈
R.

Transitivity A relation R is transitive if and only if for all pairs 〈x, y〉 and
〈y, z〉 in R, 〈x, z〉 is in R.
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The terminology gets heinous when we begin to consider the way these prop-
erties might not hold of some relation. For example, a relation that contains
no instances of 〈x, x〉 is irreflexive, but if it is simply missing some instances
of 〈x, x〉, then it is nonreflexive.

3.7 Language examples

Let’s now look at some simple examples of these notions in the domain of
language.

3.7.1 Examples of Sets

Let’s start with the words of English. This is, of course, a set, e.g. W =
{run,Ernie, of , . . .}. Any word of English will be a member of this set. For
example: hat ∈ W .

The verbs of English are also a set: V = {run , sat , envelops, . . .}. As
we would expect, the verbs of English are a subset of the words of English,
V ⊆ W , and, in fact, a proper subset: V ⊂ W .

Let’s assume that nouns are also a set and a proper subset of the set of
English words: N ⊂ W . The union of nouns and verbs, N ∪ V , would then
be the set of any word that is a noun or a verb. Is this true: N ∪ V ⊂ W ?
What is the intersection of N and V , i.e. N ∩ V ? Can you give an example?
If some word is a member of N , does it follow that it is also a member of
N ∪ V ? Of N ∩ V ?

We can also use set theory to characterize syntax or morphology. For
example, a sentence like Ernie likes logic can be treated as an ordered triple:
〈Ernie, likes, logic〉. Why would it be a mistake to view sentences as normal
sets?

We can go further, in fact. Recall that a speaker’s knowledge of what
constitutes a well-formed sentence is best characterized in terms of hierar-
chical structures. Thus a sentence isn’t a flat string of words, but organized
into nested phrases. We can incorporate this by viewing a sentence not as
a flat ordered tuple, but as composed of nested tuples. For example, if we
were to say that likes logic is a VP, we could represent Ernie likes logic as:
〈Ernie, 〈likes, logic〉〉.
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3.7.2 Examples of Relations and Functions

Relations are ubiquitous in language. For example, we can posit a relation
R between (unmarked) verbs in the present tense:

(3.17) {jump, break , finish, ring, . . .}

and verbs marked for the past tense:

(3.18) {jumped , broke, finished , rang, . . .}

Thus:

(3.19) R =































〈jump, jumped〉,

〈break , broke〉,

〈finish, finished〉,

〈ring, rang〉,

. . .































The inverse of this is then:

(3.20) R−1 =































〈jumped , jump〉,

〈broke, break〉,

〈finished , finish〉,

〈rang, ring〉,

. . .































Is R a function? Recall, that a relation must satisfy two properties to be
a relation. First, does every verb of English have a past tense? Yes. Second,
is there one and only one past tense for for every verb? This is tricky.

First, there are verbs where the past tense form looks just like the present
tense for, e.g. R(hit , hit). On the other hand, there are verbs that seem to
have more than one past tense form. For example, the verb ring has the
past tense forms rang and ringed. These seem to have different meanings,
however.
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(3.21) The bell rang.
The wall ringed the city.

To accommodate cases like this, we might want to say that there are two
verbs ring1 and ring2, each with unique past tense forms.

Another problem, however, is that there are verbs like dive where multiple
past tense forms are possible: dived and dove. Some speakers prefer one, some
the other, and some vacillate. If R(dive, dove) and R(dive, dived), then R is
not a function.

On the other hand, the dive problem does not prevent R−1 from being a
function.

Let’s consider some relations that are relevant to sound systems. For
example, we might posit a relation R from words to numbers that says how
many letters are in a word, e.g. R(hat , 3), R(orange, 6), R(appropriate, 11).
We could also do this with respect to the number of sounds in a word:
R([hæt], 3), R([Or@ň], 5), R([@propri@t], 9). This is clearly a function. Every
single word has one and only one length. The inverse R−1 is not a function
as many words have the same length.

We might also posit a relation L that indicates that the first element is
longer than the second element, again, in either letters or sounds. Thus, if
we define L in terms of letters, we get instances like these: L(orange, hat),
L(appropriate, hat), L(appropriate, orange), etc. Notice that neither this
relation nor its inverse are functions.

Let’s consider now whether any of these relations exhibit the properties
we discussed above. First, none of them are reflexive. Recall that for a
relation to be reflexive, every element in the domain must be paired with
itself. An example of a reflexive relation might be the notion of at least as

long as : L1. We would then have L1(hat , hat), L1(orange, orange), etc.
Only the last relation is transitive. For example, from the fact that the

word orange is longer than the word hat, L(orange, hat), and the fact that
the word appropriate is longer than the word orange, L(appropriate, orange),
it follows that the word appropriate is longer than the word hat. That is:
L(appropriate, hat).

Finally, none of the relations are symmetric. Recall that for a symmetric
relation, the domain and range are interchangeable. An example of a sym-
metric relation might be the notion of the same length as : L2. Thus if the
word hat is the same length as the word pan, L2(hat , pan), then it follows
that the word pan is the same length as the word hat : L2(pan, hat).
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3.8 Summary

This chapter introduced basic set theory. We began with a definition of what
a set is and provided three mechanisms for defining a set: by enumeration,
by properties, and by recursive rules. We also defined a notion of set size
such that |A| represents the size of some set A.

We went on to consider notions of set membership. An element x can
be a member of a set A, e.g. x ∈ A. Membership allows us to define the
relations subset and proper subset between sets. We also defined the very
important notion of set extensionality which holds that two sets are identical
if they share the same members. In general terms, this means that sets are
defined solely by their members.

We defined three special sets. First, there is the empty set ∅ which has no
members. There is also the universal set U , which has all members.4 Finally,
we defined the notion of a power set of any set A, 2A or ℘(A), which is the
set of all possible subsets of A.

There are several different operations which can be applied to sets. Union
merges two sets. Intersection finds the overlap of two sets. Complement finds
everything that is not in some set, and difference removes the elements of
one set from another.

We presented a number of general laws about sets: Idempotency, Com-
mutativity, Associativity, Distributivity, Identity, Complement Laws, and
DeMorgan’s Law. We also showed a few theorems about set theory and
showed how we might prove them using indirect proof.

Finally, we developed a notion of ordered tuple and use it to define rela-
tions and functions. We showed what inverse and complement relations are
and defined reflexivity, transitivity, and symmetry with respect to relations.

3.9 Exercises

1. if A = {a, a, a, a}, what is |A|?

2. As we noted on page 34, it follows that if A ⊆ B and B ⊆ A, that
A = B. Explain why this is so. Prove that this is so.

3. It follows that the empty set is a subset of all other sets. Explain why.

4This is actually a very tricky notion. For example, if the universal set contains all

members, then does it contain itself?
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4. We gave a number of theorems on page 37. Prove these.

5. Ordered groups larger than two are defined recursively in terms of pairs.
Thus 〈x, y, z〉 is defined as 〈〈x, y〉, z〉. How do we encode this with
simple sets?

6. Use set theory to characterize the different meanings we discussed in
chapter 1 for Two women saw two men.

7. Why would it be a mistake to formalize sentences directly in terms of
sets?

8. Find a symmetric relation in the syntax of a language that is not your
native language (or English), and that is different from the examples
discussed in the text. Show how it works.


